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Abst ract - - In  this paper, two new oscillation criteria for forced second-order nonlinear differential 
equations of the form 
(~(,)~(~(~)) W(~)r -~ ~'(~))' + ~(~)i(~(,)) = e(~), ~ >_ ~o, 
are established. Our results are based on the information on a sequence of subintervals of [to, c~) only, 
rather than on the whole half-line. Our methodology is somewhat different from that of previous 
authors. The results presented here are much more general than a recent result of Li and Cheng [1]. 
© 2004 Elsevier Ltd. All rights reserved. 
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1. INTRODUCTION 
We are here concerned wi{h the  second-order  forced non l inear  di f ferent ia l  equat ion,  
( )' r(t)¢(y(t)) Ly'(t)l ~-1 y'(t) + q( t ) f (y ( t ) )  = e(t), t > to >_ O, (i) 
where r e C([to,oc),R+), q, e E C([to,c~),R), ~ E C(R,R), and f E CI(R,R) are such that  
@(y) > O, yf(y) > 0 for y =fi 0, and a > 0 is a constant.  
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This equation can be considered as a natural generalization of the second-order differential 
equation 
(r(t)~(y(t)) Jy'(t)J ~-1 y'(t))'- + q(t) ly(t)J ~-~ y(t) = e(t) (2) 
or the linear differential equation 
(r(t)y'(t) ' + q(t)y(t) = e(t), (3) 
which have been the subject of intensive studies in recent years [1-7]. 
By a solution of (1), we mean a function y : [Ty,~) --~ R, Ty > to, such that y and 
r~(y)ly'I~-iy ' are continuously differentiable and satisfy equation (1) for t > Ty. We re- 
strict our attention to the nontrivial solutions y(t) of (1) only, i.e., to solutions y(t) such that 
sup{ly(t)l : t _> T} > 0 for all T _> Ty. A nontrivial solution of (1) is called oscillatory if it has 
arbitrarily large zeros; otherwise, it is said to be nonoscillatory. Equation (1) is called oscillatory 
if all its solutions are oscillatory. 
Based on the oscillatory behavior of the forcing term, Wong [6] proved the following result for 
equation (3). 
THEOREM A. Suppose that for any T > to, there exist T < si < tl ~ S2 < t2 such that 
e(t) __ 0 for t  e [sl,tl] ande(t)  _> 0 for t  e [s2,t2]. LetD(s , , t  d = {u e C~[s~,t,] :u(t)  # 0, 
u(si) = u(ti) = 0} for i -= 1, 2. f f  there exists u E D(si, t~) such that 
/" .,>0, i = 1,2, (4) 
J s L 
then every solution of (3) is oscillatory. 
This result is interesting since it makes use of the oscillatory intervals of e(t) and Leighton's 
variational principles [8] for the oscillation of the associated homogeneous equation. 
On the other hand, it has been shown by Jaros and Kusano in [9] that variational principles for 
oscillation of half linear differential equations .can also be established. The question then arises 
as to whether a more general result can be established for these nonlinear equations coupled with 
forcing terms. 
Recently, Wong 's  result was extended to equation (2 )when ~(y) - 1 by Li and Cheng [I] with 
a positive and nondecreasing function p E Ci([t0, oo)) as follows. 
THEOREM B. Suppose that for any T > to, there exist T <_ si < ti <_ s2 < t2 such that 
e(t) <_ 0 fort  e [s~,t~] ande(t)_> 0 for t  e [s~,t2]. LetD(s~,t  d = {u e C~[s~,td :u(t) ~ O, 
u(s~) ---- u(t~) = 0} for i = 1, 2. If  there exist H E D(si, ti) and a positive, nondecreasing function 
p E oi([to, oo)) such that 
,, (1"~+ ~, ,  ~ H2(t)p(t)q(t)dt> \ -~- f /  ~ 'H(t)' ~-ir(t)p(t) 2[H,(t)[+,H(t) ,P ' (t)h~+idt ] (5) 
for i = 1, 2, then every solution of (2) with ~(y) --- 1 is osciIlatory. 
Our purpose here is to develop oscillation criteria for equation (1) without any restriction on the 
signs of q, e, and/ .  We extend and improve some earlier oscillation criteria by allowing general 
means following Wong [10] and Tiryaki et al. [11]. Our methodology is somewhat different from 
that of previous authors [1,3,6]. We believe that our approach is simpler and more general than 
a recent result of Li and Cheng [1]. 
Note that more recently, Ayanlar and Tiryaki [12] and Agarwal and Grace [13] obtained some 
Kamenev type oscillation criteria with ~(y) - 1 by using integral averaging techniques for equa- 
tion (2) with e(t) -= 0. A short time ago, oscillation criteria for the case where e(t) =_ 0 in (1) were 
investigated without restrictions on the signs of q and p' by Tiryaki et al. [11]. These generalized 
some earlier results and used general means along the lines given in [10]. 
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2. MAIN  RESULTS 
In order to discuss our main results, we introduce the general mean and some properties that 
will be used in the proof of our results. 
Let p e cl([t0, c¢)) and p(t) > 0 on [t0,ec), and let D(si,t 0 = {u e Cl[si,ti] : u(t) ¢ O, 
u(s~) = u(t~) = 0} for i = 1,2. We take the integral operator Ate/ in terms of H E D(s~, t~) 
and p(t) as 
f/' A t / (h ; t )= H2(t)h(t)p(t)dt, s i<t<t i ,  i=1 ,2 ,  (6) 8 i  - -  - -  i 
where h E C([t0, oc)). It is easily seen that A t~ for i = 1, 2 is linear and positive, and in faci 
8 i  
satisfies the following: 
Ats~ (alhl + a2h2; t) = alAts/~ (hi; t) + a2A~ (h2; t),  (7) 
At~ (h; t) _> 0, whenever h _> 0, (8) 
At/ (h';t) = -dts~/ 2~-  + h;t > -dt~ 2--ff + Ihl ;t . (9) 
Here hi, h2 E C([t0, oo)), h E Ci([to, oo)), and al ,  as are real numbers. 
We now prove a more generM result that extends Theorems A and B. 
THEOREM 1. Let 
f'(y) 
(~(y) jf(y)l._l~l/~ >_ 9 > 0, y : 0. (10) 
\ / 
Assume that for any T > to, there exist T <_ Sl < tl <_ s2 < t2 such that 
< 0, t E [81,tl] 
e(t) - ' (ii) 
> o, t ~ [s2,t2]. 
Let D(8~,td = {~ e Cl[8~,td : Kt) ¢ 0, Ksd  = ~(t~) = o} ~d Ai~, be de~ned by (e). If the~e 
exist H E D(s~,ti) and a positive function p E Ci([t0, oc)) such that 
ds/(q,t ) > ~ dts'/ r +7 "t (12) 
for i = 1, 2, then equation (1) is oscillatory. 
PROOF. Let y(t) be a nonoscillatory solution of equation (1). We assume that y(t) • 0 on [to, co) 
for some to depending on the solution y(t). Define 
~(t) = r(t)~(y(t))b'(t) l  " - ly ' ( t )  t > to. (la) 
/ (K t ) )  ' - 
Then differentiating (13) and making use of (1), it follows that for all t >_ to, we obtain 
i f'(y(t)) e(t) (14) o-1) i/o I (t)l (°÷1)(° +/(y(t)---] 
By the assumptions, we can choose si,Q >_ to for i = 1,2 so that e(t) <_ 0 Oil the interval 
I1 -- [sl,tl] with si < ti and y(t) > 0, or e(t) >_ 0 on the interval /2 -- [s2, t2] with s2 < t2 
and y(t) < 0. On the intervals/ i  and/2,  (14) and (10) imply that w(t) satisfies the differential 
inequality 
i iw(t)l(~+~)/~ (i5) w'(t) <_ -q(t) - t3 (r(t))l/--------g 
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Applying the operator Ats~ for i = 1, 2 to (15), using (91, and the fact that H(s~) = H(ti) = O, 
we obtain 
A~,(q;t) <_ A':, 2~ + I~1- l~l(~+l)/";t , (16) 
where H E D(si,t~) is given in the hypotheses. For a given t, set 
F(V)  := + V - V (~+1)/~, V > O. 
Now, F(V)  obtains its maximum at 
and 
F(V) < Fm~ = \~- - jT /  ~ 2~ + (17) 
Then we have, by using (17 / in (161, 
(1)a+l (~)a ( 1 H t ~ a+l ) At~(q;t) < ~ At~ , r 2-~- + ;t , (18) 
for i = 1, 2, which contradicts (12 t. Thus, the existence of a nonoscillatory solution y(t) is ruled 
out, so equation (1) is oscillatory. 
REMARK 1. Although Li and Cheng [1] studied equation (2 / with ~(Y) = 1 and a positive 
nondecreasing function p E Cl([t0, ~)1, there does not seem to be any result without a restriction 
on the sign of p~(t 1. On this point we emphasize the importance ofTheorem 1. When ~(y(t)) =- 1, 
/(y(t)) = ly(t)f~-~y(t), and ;'(t) >_ 0, our result reduces to the result of Li and Cheng [1] 
mentioned in Theorem B. 
REMARK 2. When ~(y(t)) =- 1, f(y(t)) = y(t), a = 1, and p(t) = 1, our result reduces to the 
result of Wong [6] mentioned in Theorem A. 
We now give an example to which Theorem B does not apply, but Theorem 1 can be used to 
prove oscillation of all solutions. EXAMPLE 1. Consider the following forced nonlinear differential equation: 
(t ~ ly'(t)] ~-I y'(t)) '  + Kt  ~ [y(t)l ~-1 y(t) = sin t, t > 1, (19) 
where 0 < a < 1, A > 0, and K = 3((2 + A)/(a + 11) ~+1 are constants, and the zeros of the 
forcing term sint are n~r. Let H(t) = sint and p(t 1 = t -~. For any T _> 1, choose n sufficiently 
large so that nlr = 2kzr > T and set sl = 2k~r and tl = (2k + 1)zr. It is easy to verify that 
~t~ f(2k+l)~ 1 At~(q;t) = H2(t)q(t)p(t)dt = K sin2tdt = -~K~r, 
1 J2hTr  
~1 ~+~ J2k~(2k+~)~ (2 + A) ~+1 dt < ~K~. 
Similarly, for s~ = (2k + 1)~r and te = (2k + 2)~r, we can show that the integral inequality in 
Theorem 1 holds. Then equation (19) is oscillatory by Theorem 1. 
A close look at the proof of Theorem 1 reveals that condition (11 / may be replaced by the 
condition f > O, t e [Sl,ti], 
(~0) e(t)~ _< 0, ~ ~ [s~,t~]. 
This leads to the following result. 
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THEOREM 2. Let the conditions of Theorem 1 be satisfied except that condition (11) is replaced 
by (20). Then equation (1) is oscillatory. .... 
EXAMPLE 2. Consider the following forced nonl inear differential equation: 
(e t m(t)L Ld(t)l d(t))' + 5Ke'yfft) = oost, t > 1, (21) 
where 0 < (~ < 1, K -- (3/ ta  + 1)) ~+1 and the zeros of the forcing term cost  are nTr/2, n E 
{1, 3, 5 , . . .  }. Let  H(t)  = cost  and p(t) = e - t .  For any T > 1, choose n sufficiently large so that  
nTr/2 = (2k + 1)~/2  > T and set s l  = (2k + 1)7r/2 and t l  = (2k ÷ 3)7r/2. I t  is easy to verify that  
f~ S (2k+3)~/2 5 Atsll (q; t) = H 2 (t)q(t)p(t) dt = 5K cos 2 t d t= ~K~r, 
1 (2k+1)~/2 
--~ t~- ' -~]  (7 )  J(:~a+l):/2 3 :+1dr  < 7K'tr' 
Similarly, for s2 = (2k + 3)~r/2 and t2 = (Tk + 5)~/2, we can show that the integral inequal- 
i ty  (12) holds, it follows from Theorem 2 that equation (21) is oscillatory. 
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